In this Supplementary Material (SM) we present a detailed account of the development of the ultimate macroscopic mathematical model for polar auxin transport in inflorescence stem segments of Arabidopsis thaliana that is presented in the Main Text. In fact, the ultimate model resulted from an experiment-driven step-by-step extension of a single advection-diffusion equation for auxin transport as suggested by the mathematical model developed by Mitchison [23] , Goldsmith, Goldsmith and Martin [12] , simply called the MGGM model, based on the chemiosmotic theory for auxin transport [28, 25, 27] .
We start with discussing issues that arrise when defining a concept of auxin transport velocity at the macroscopic level of a stem segment (see Section 1) . These issues have a general character. They are not bound to a specific model.
Our objective for modelling PAT is beyond simply describing the data comprehensively. We also aim at gaining insight into the microscopic mechanisms at cellular level that are responsible for polar transport of auxin. An experimentally validated model at macroscopic level together with availability of suitable transport mutant plants and well-designed experiments with these allow limiting the possible mechanisms at microscopic level or estimating microscopic parameter values. In Section 4 we shall provide an initial result of this approach. The necessary 'bridging of scales' from microscopic mechanisms and parameters to effective macroscopic equations and parameters is mathematically challenging. It is beyond the scope of this paper to discuss this in detail. Nevertheless, some particular derivations of this sort will appear in this Supplementary Material. Section 2 discusses values of relevant physiological parameters as found in the literature. These are a starting point for simulations, fitting and development of the ultimate macroscopic model for PAT. Section 3 documents the development of these continuum models and the modeling decisions made in more detail than found in the Main Text. These are based upon the ability of these models to fit the experimental data with parameter values or changes therein that are biologically interpretable. The model that ultimately resulted from this approach (Model III) is discussed in Section 3.4. Section 4 provides an example how some insights into microscopic mechanisms can be obtained from the interpretation of macroscopic data for wild-type and suitable mutant plants in view of mathematical models at macroscopic and microscopic scale. Section 5 concludes this Supplementary Material with a detailed account of the used approach to parameter optimization.
We choose to use SI units everywhere from the start by convention. In this way we avoid recomputing parameter values and simulation results to different units. At some points we shall quote values from the literature. We then state the value in the units as found in the reference together with the value in SI units when needed.
The concept of auxin transport velocity
Introducing the concept of auxin transport velocity at the spatial scale of a stem segment (i.e. the macroscopic scale) is not as straightforward as it might seem, see also [20] . Mitchison [23] considers the velocity of auxin transport as the velocity of position of the maximum value of a pulse of auxin within the stem segment. This concept cannot be applied to our experimental set-up of a transport experiment. We observe a moving front within the stem segment, which is getting less sharp while it is progressing through the segment, due to the smoothing effect of diffusive processes (see Figure 7 , Main Text and SM, Movie 2). One may introduce transport velocity as the speed of the mid-level point in this widening front. However, 'mid-level' itself seems ill-defined.
An alternative is furnished by the speed at which the centre of mass of the auxin distribution within the stem moves. It is used by Mitchison [23] since it coincides with his definition for transport velocity applied to a pulse. However, for a moving front it will yield a value that is approximately a factor 2 lower than the intuitive velocity of the front.
The length of the segment divided by the time of first appearance of auxin at the other end may seem yet another alternative. However, the combined effects of diffusion and the experimental resolution at which auxin can be detected influence the time at which the auxin level in the receiver well is observed as being above background measurement noise. This makes this concept ill-determined. So this seems inappropriate too [20] .
The issue is that for diffusion processes velocity is not well-defined, although flux is, i.e. the amount of auxin that is transported through the stem segment per unit of time. It is also (total) flux of auxin that is measured in the transport experiments. Using the cell-to-cell fluxes φ i,i+1 , Mitchison introduced an alternative (cf. [23] , equation (19) , p.504), which we call the average mass flow velocity:
where I is the total auxin content of the system, ℓ is the length of a single transport cell and φ i,i+1 is the flux from cell i to i = 1. V AM F is the velocity of a homogeneous steady mass flow through the segment of a solution containing auxin at average density I/L such that the average flux through the system results:
Here N is the total number of cells. Thus, V AM F results from comparison of the complex anatomy and transport processes within the stem segment effectively with transport by a steady fluid flow through a simple tube with no internal structure.
A neater approach towards defining transport velocity, as proposed by Kramer et al. in [20] (Supplementary Material), is to take also the effect of diffusion into account: the transport velocity is the velocity V that is obtained by fitting the advection-diffusion equation
(with appropriate boundary conditions at x = 0 and x = L) to experimental data. V captures phenomenologically the net effect of all directed auxin transport processes, while the diffusion term combines all undirected processes.
In our work we improve on the proposition made by Kramer et al. by starting from a more complicated model than (3) for transport through the segment, because the experimental data we obtained could not be fitted to (3) . See Section 3 for a detailed account of the development of our model together with the experimental motivation.
Thus, unlike auxin flux through the system, macroscopic auxin transport velocity is a concept that can be defined well only within the context of a mathematical model that simplifies the biophysical reality. In the case of V AM F it is a transport equation for the equivalent 'fluid flow':
Kramer et al. propose (3) . We shall consider a more elaborate system of equations to determine velocity (namely equations (23)- (26)), among others forced by experimental data.
Equations (3), (4) or our model (23)- (26) provide an effective description of transport at macroscopic level, i.e. the stem segment, ignoring cellular structure by using a continuum approximation. Our model takes some aspects of the detailed anatomy of the stem segment into account though. It identifies different 'compartments' that correspond to parts of the vascular bundles. In that sense our model is intermediate between equations (3) and (4) and a description of auxin transport at cellular level, e.g. through a linear array of auxin-transporting cells, as furnished by chemiosmotic theory and the MGGM model. This theory has been developed in a series of papers [28, 25, 12, 18, 23] . Mitchison [23] provided a neat mathemematical model of the chemiosmotic theory and elaborate analysis of its properties.
Parameter values in the literature
In this section we discuss model parameters for which values could be established with confidence from the literature or from experiments that were conducted specifically to determine their values. We distinguish between those that are fixed by anatomy (e.g. cell geometry, tissue structure, etc.), physiology (e.g. permeabilities of membranes, acidity of particular parts of the cellular tissue, diffusion constants) and the experimental design. These parameter values are summarized in Table 1 .
Diffusion constants
Mitchison [23] mentions a value of 6.7 × 10 −6 cm 2 /s = 6.7 × 10 −10 m 2 /s for the diffusion constant for auxin in agar, quoting [21] on page 491. Kramer [15] mentions estimates derived from radio-label profiles of 0.04-0.09 cm 2 /h, which equals 1.1 − 2.5 × 10 −9 m 2 /s.
We performed diffusion experiments with tritium-labelled IAA in 2% agarose gels (data not shown). Calculation of the diffusion constant based on the radio-label profile after 1 and 5 hours resulted in 7 × 10 −10 m 2 /s. This is in good agreement with the value cited by Mitchison, so we take D u = 7 × 10 −10 m 2 /s as our reference value. 
Membrane permeabilities
Kramer [17] , p.1234, reports a cell membrane permeability for protonated IAA of 0.2 cm/h = 5.6 × 10 −7 m/s. In [19] the authors refer to two uptake studies, one with mesophyll protoplasts from tobacco plants and the other with suspension-cultured tobacco cells that reveal a permeability of 0.14 cm/h = 3.9 × 10 −7 m/s [7] and 0.18 cm/h = 5.0 × 10 −7 m/s [8] , respectively. For the anion form a value of 5 × 10 −9 m/s was evaluated in this last study. They criticize values obtained in artificial membranes, which are one order of magnitude larger.
Observed transport velocities
See Kramer et al. [20] for an extensive discussion of the concept of auxin transport velicity and the AUX V database of measured velocities.
A family of macroscopic models for PAT
The chemiosmotic theory yields a mathematical model, the MGGM model, that consists of a linear array of discrete cells in which internally diffusion of IAA takes place and which are coupled through prescribed auxin flux between neighbouring cells in the array that depends on the auxin concentrations in these cells at either end [23] . Thus, it consists of a large system of partial differential equations (PDEs) of diffusion type, coupled by flux boundary conditions. There are as many equations as there are cells.
The purpose of this section is to arrive at a mathematical model for PAT in Arabidopsis in a minimal continuum formulation, i.e. in terms of a system of PDEs with the smallest number of equations as possible, minimally parametrized, that is able to describe well the measured IAA transport in wild type plants and some mutants. Actually, we shall describe a family of mathematical models of increasing complexity, where each step-wise increase in complexity is motivated by a misfit to experimental data in more detail than provided in the Main Text. Model III is the ultimate result of this study.
The simplest PDE model that we start with, is such that its solution approximates in space and time the solution to the mesoscopic model presented above. It turned out that it cannot explain some essential features of the experimental observations, although it gives a good fit to others. Our fitting procedure and algorithm is presented in Section 5.
As it turns out, in order to understand PAT in Arabidopsis one needs to incorporate more processes into the considerations than those included in the mesoscopic model based on chemiosmotic theory.
General modeling assumptions
For each of the models that we present we use the following general assumptions. The cross section of the Arabidopis stem segment at a distance x from its apical side, Ω x , has fixed area S for all x. S vb denotes the area of the vascular bundles within the cross section. Let f vb := S vb /S be the fraction of the total cross section that consists of the vascular bundles. We assume that the PAT channels, i.e. the linear arrays of transport cells discussed in the mesoscopic model, are located within these vascular bundles. This assumption is motivated by the expression of PAT-markers in inflorescence stems of Arabidopsis (see Figure 2 , Main Text). The transport system is the total of all PAT channels through the stem segment. α represents the fraction of the cross section of the vascular bundles that corresponds to the directional auxin transport system.
Auxin, indole-3-acetic acid (IAA), is a weak acid with acidity constant pK a = 4.8 (K a = 1.58 × 10 −5 M; cf. [17] ). Therefore it exists in both protonated form IAAH and anion form IAA − , depending on proton concentration. We assume that the reactions IAAH ⇄ IAA − + H + are fast compared to the other processes involved in PAT, such that we can assume quasi-steady state. The Henderson-Hasselbalch equation then allows to compute the fraction f of IAA in anion form at given pH or proton concentration h as Table 2 : Fraction of IAA in anion and protonated form for several pH values.
The spatial distribution of all IAA at time t can then be described by a single local total concentration C(x, η, ζ; t) (mol/m 3 ). Here η and ζ denote spatial coordinates in a right-handed Cartesian coordinate frame that has its origin in the mid-point of the left-hand side of the stem segment, corresponding to the boundary with the donor well (see Main Text, Material & Methods).
The positive x-axis is pointing through the middle of the segment to the boundary with the receiver well that is located at x = L. Since we shall be modeling in terms of longitudinal densities, the spatial variable η and ζ will be used temporarily only. Later they disappear in this exposition.
Note throughout the forthcoming discussion, that concentrations and longitudinal densities of auxin will refer to total auxin concentration or density, i.e. to the sum of both anion and protonated form.
Model I: a single transport tube
In this first model, we assume that all of the cells in a cross section of the vascular bundle that contain IAA are part of a PAT channel. Let Ω u x denote the corresponding subset of Ω x and S u its area. That is,
Moreover, we assume that C(x, η, ζ; t) is approximately constant for (η, ζ) ∈ Ω u x . Then we can represent the total distribution of IAA by a longitudinal density function u(x, t):
Accordingly, the part of the stem segment occupied by the auxin transport system (i.e. the collective of PAT channels) will be called 'u-compartment'.
We model the dynamics of u by means of an advection-diffusion equation, similar to [15, 20] :
where D u and V represent the effective macroscopic diffusivity and transport velocity of IAA in the stem segment. Equation (7) is complemented with boundary conditions at x = 0 and x = L:
Here C d is the total concentration of IAA in the donor well, which is considered homogeneously distributed over the well. Because the receiver well is sampled regularly and then filled with fresh plain buffer medium, we ignore in (9) reflux of IAA from the receiver well into the receiver end of the stem segment.
At the donor end, not only the cells in the transport system are in contact with IAA in the donor well, but also the remaining cell tissue in the cross section. Let Ω y x be the part of the stem segment outside the transport system at position x. The uptake and distribution of IAA in this part of the stem segment is modeled with a longitudinal density y(x, t):
We assume that y satisfies
and boundary conditions similar to (8)- (9):
Here, S y = S − S u is the area of Ω y x , which we assume to remain fixed, i.e. independent of x. Note that we state implicitly, that the processes that govern the efflux of IAA from the 'y-tissue' into the well are the same at donor and receiver end of the stem.
The concentration of IAA in the donor well changes according to
Here V d denotes the volume of the donor well. In practice radioactive IAA is super-abundant so that the decrease of radioactive IAA in the donor well can be neglected. However, in an extended PAT experiment (see Main Text, Material & Methods) the donor well is replaced by plain buffer medium after some time point. Some radioactive IAA in the stem segment then flows back into the donor well. With the dynamic modeling of C d as in (13) it is possible to track this reflux.
The total amount of IAA, N r (t), that has reached the receiver well up to time t satisfies dN r dt = J ru + J ry .
Figure 1 provides a schematic representation of Model I. We take the following initial conditions:
Fitting results: Table 3 shows the parameter values to fit Model I to the measured transport curve and tissue profile, from a representative experiment. See Figure 2 for the quality of fit to the transport profile. Measurement of the IAA content of the donor well yielded C d0 = 0.107 µM = 1.07 × 10 −7 mol/m 3 .
Fitted parameter: Wild type Du Table 3 . The lower part in the column representing the simulation result for the first 4 mm up to the dashed line indicates the amount of radioactive IAA found in the 'y-compartment', i.e. the tissue surrounding the transport system (the 'u-compartment').
Discussion: Figure 2A shows that, in general, one obtains excellent fits to measured efflux profiles, even over incubation periods of about 10 hrs. Figure 2B , however, reveals that the model underestimates the amount of IAA present in the middle part and the receiver end of the stem segment. This leads us to consider modifications to the model.
Model IIa and IIb
There are two extensions of Model I with the least number of additional variables and parameters, namely: adding immobilization of IAA or introducing leakage of IAA to neighbouring tissue combined with diffusion within that tissue. In order to discriminate better between these options we changed the standard PAT assay to an extended PAT assay (see Main Text, Materials & Methods). In addition, we employed a mutant line of Arabidopsis in order to reach a proper decision about which model provides the best fit. In this mutant, denoted Quadruple, the four genes aux1/lax1-3 encoding for the AUX1/LAX influx carriers that reside all over the plasma membrane in transporting cells are knocked out.
Model IIa: Immobilization
Let z(x, t) denote the longitudinal density of immobilized IAA within the transport system ('u-compartment') at position x at time t. The equations for u, z and y in this model are:
There is no diffusion in the z-equation (17) to represent immobilization. Note that immobilization is not permanent (if κ 2 > 0). Figure 3 shows a schematic representation of this model.
The boundary conditions for equations (15) and (16) are precisely (8) and (11) at 0 and (9) and (12) Fitting results: Table 4 presents the parameter setting used to obtain the fit of efflux and tissue profiles at the end of the efflux experiment as shown in Figure 4 for wild type and Figure 5 for the aux1/lax quadruple mutant. Table 4 : Fitted parameters in Model IIa for the average over nine wild-type stem segments and eight quadruple aux1/lax1-3 mutant stem segments. Fit based on extended PAT efflux profile and tissue profile at 600 min (C d (0) = 0.10 µM). S and S vb are averages over the measured values.
Discussion:
In general this model gave quite satisfactory fits to data from both standard and extended PAT assay, both for wild-type and quadruple mutant. The extended PAT reveals that quite a substantial amount of radioactivity was retained in the tissue. Extraction of the radioactivity from the segments at the end of the extended PAT and subsequent thin-layer chromatography revealed that by far (more than 85%) consisted of 3 H-IAA derivatives with high retention values (see Figure 6 , Main Text). Table 4 .
It is the change in parameter value from wild-type to quadruple that is hard to interpret biologically. The most apparent change in parameter, i.e. the rise of κ 1 (see Table 4 ) -meaning an increase of the rate of immobilization of IAA, is hard to explain at molecular biological level. The quadruple mutant lacks AUX1/LAX1-LAX3 proteins. It is known that these are located on the plasma membrane and are involved in auxin influx [16] .
Thus, although Model IIa can provide good fits to all experimental data, the biological interpretation of changes in parameter values between wildtype and quadruple mutant leads us to conclude that Model IIa is still not satisfactory.
Model IIb: Exchange of auxin with surrounding tissue
Instead of immobilization, we tried exchange of IAA between the PAT channel and surrounding tissue within the vascular bundle. In this tissue there is no effective active transport at macroscopic scale. In comparison with Model IIa, more parameters are needed to describe this case, since one has to provide a description for the uptake of IAA at donor end and release of IAA at receiver end.
We introduced a longitudinal density w(x, t) for the total amount of IAA in the tissue surrounding the transport tube (called the 'w-compartment'). Within the stem segment the dynamics are given on (0, L) by
complemented by boundary conditions for u and y at 0 and L as in Model I and Model IIa, while for w we have Figure 6 shows the schematic representation of this model. Fitting results: Table 5 presents the parameter setting used to fit efflux and tissue profiles obtained from standard and extended PAT assays for the same experiment as used when fitting Model IIa (wild-type). The values for S and f vb are the averages over the measured values for the nine samples in the series.
Discussion: Figure 7B clearly shows that the tissue profile at the end of the extended PAT assay experiment at 600 min cannot be fitted, while the complete efflux 
3.72 S vb " 0.69 Table 5 : Fitted parameters in Model IIb for the average over nine wild-type stem segments. Fit based on efflux and tissue profile at 600 min (C d0 = 0.10 µM. S and S vb are averages over measured values). Table 5 .
profile shows a good fit ( Figure 7A ). The stem segment almost completely empties in 600 minutes.
Model III: Combined immobilization and exchange
Both Model IIa and IIb do not fully describe all data: although efflux profiles can be fitted well with these models, issues arise either in the interpretation of parameter shift when wild-type is compared to the quadruple mutant, or the system is releasing auxin too fast. The tissue profile at 600 min of Model IIb ( Figure 7B ) suggested to investigate a combination of Models IIa and IIb. More auxin can then be contained within the stem segment. This yields Model III, which incorporates both immobilization of IAA and exchange to the surrounding tissue.
The equations that govern the change in time of the longitudinal density distributions of auxin for 0 < x < L in the u-, w-, z-and y-compartment in the stem are: Figure 8 shows the schematic representation of Model III. The boundary conditions at x = 0 and x = L are as in Model IIa and IIb. The dynamics of the auxin concentration in the donor well and the cumulative amount of auxin that reached the receiver well are given by
and
The initial condition for (27) is C d (0) = C d0 = 1 × 10 −4 mol/m −3 = 0.1 µM at the start of all transport experiments, while N r (0) = 0. System (23)- (26) starts with initial condition 0 for all variables. At t = 300 min C d is changed to 0, thus simulating an extended PAT assay.
For reasons of symmetry in the microscopic tissue stucture, we assume that
Fitting results:
The fitted parameter values and corresponding efflux and tissue profiles for wild-type and aux1/lax quadruple mutant are presented in the Main Text (Table 1 and Figure 4 for wild type; Table 2 and Figure 5 for quadruple mutant).
Discussion:
If we compare the estiamted values for the effective permeabilities p + a and p − a of the apical membrane of transport cells (see Section 2.2) with permeabilities shown in Table 1 (pooled data, Main Text), we observe that the values for P 
Microscopic interpretation of exchange rates
In Model IIb and III, the exchange rates for auxin from the u-compartment towards the w-compartment, a, and in opposite direction, b, are of particular interest, because they are effective transport rates that result from the underlying tissue structure in the vascular bundles and microscopic cell-to-cell auxin transport dynamics. The fitted values for wild type and quadruple mutant plants and the changes therein for these macroscopic parameters yields insights in the microscopic dynamics as we shall now discuss.
We start with a derivation of the auxin flux between parts of a polarly auxin transporting phloem parenchyma cell and surrounding phloem tissue, or between part of a xylem parenchyma cell in a PAT channel and a neighbouring xylem vessel in the xylem, see Figure 9 . The mathematical derivation and resulting expression for this flux are the same for xylem and phloem. We expect the parameter values in both cases to differ though. This local, microscopic, description of auxin flux is then up-scaled to the level of a vascular bundle with u-and w-compartment.
A thin cross section of the vascular bundle's u-compartment consists of many PAT cells, supposedly both in phloem and xylem (see Main Text, Figure 2 ). Similarly the w-compartment consists of various phloem cells and xylem vessels. We shall arrive at expressions for the a and b parameters in terms of the microscopic auxin transport parameters and supposed anatomical structure of the vascular bundle, in particular the distribution of PAT cells among phloem and xylem.
Auxin must travel from the cytoplasm of a cell in the u-compartment, through its cell membrane into the apoplast that connects the PAT cell and the neighbouring cell or xylem vessel. In either case, auxin in the apoplast must cross a cell membrane again to get into the cytoplasm of the neighbouring cell that is part of the w-compartment, or it must get through a vessel wall to get into a xylem vessel (cf. Figure 9 ). The thickness of the apoplast (ca. 1 − 2 µm) in relation to the diffusivity of auxin in agar (D u ∼ 7 × 10 −10 m 2 /s, see Section 2) motivates to assume a homogeneous distribution of auxin in the apoplast in a first model for u − w-interaction. Accordingly, denote by C, U and W the total concentration of auxin in the apoplast and a thin layer of volume V near the cell membrane both in the transporter cell and the neighbouring cell or xylem vessel. We arrive at the following system of equations for the local exchange of auxin between neighbouring cells or cell and xylem vessel in the u-and w-compartments:
Here V c represents the volume of the thin section of apoplast. k + u and k + w are the (effective) rates at which auxin (in anion or protonated form) crosses the cell membrane from apoplast into u-and w-cell or xylem vessel respectively, while k − u and k − w are the corresponding rates in opposite direction (see Figure  9 ).
We assume that the transport rates from apoplast into the cells are much larger than those from cell to apoplast, i.e. k − u /k + u ≪ 1 and similarly
This assumption is consistent with the in vivo situation where auxin in the cytoplasm is mainly in anion form (pH ≈ 7), nearly blocking transport by diffusion through the cell membrane into the apoplast, while in the acidic apoplast (pH ∼ 4 − 6) it is present both in anion and protonated form. A similar reasoning can apply to the slightly acidic content of a xylem vessel (pH ≈ 6.5). Both diffusion and carrier-mediated transport (e.g. through the AUX1/LAX family of transporters) bring auxin into a cell. Transporter proteins from the PIN-family, generally assumed to realize efflux of auxin anions out of the cell, are located at the basal side of transporter cells in the stem segment, not at the lateral side.
System (29)- (31) conserves the total number of molecules
So a solution to (29)-(31) starting at a point in
will remain in S(N 0 ) for all time. Moreover, the solution converges to the unique steady state (Ū ,C,W ) in S(N 0 ):
We make the restriction of system (29)-(31) to S(N 0 ) non-dimensional by scaling the concentrations of U , W and C with respect to their steady state values:Û := U/Ū ,Ŵ := W/W andĈ := C/C. Time is made nondimensional by scaling with respect to the slow transport time scale τ s :
That is,t := t/τ s . Then (29) and (30) become
An equation similar to (32) holds forŴ . So a quasi-steady state assumption forĈ is made in first approximation. Let C * be the corresponding state for C in dimensional form:
System (29)-(31) then reduces to
with
The rates k ± u and k ± w can be expressed in terms of effective permeabilities P ± u and P ± w of the cell membrane or vessel wall (in terms of total auxin concentration):
where A loc is the small (local) area of part of the cell membrane or vessel wall that is in contact with the intermediate apoplast in the thin cross section of the stem segment. The effective local flux density of auxin through the membrane-apoplast-membrane or membrane-apoplast-vessel wall system then equals
Expression (38) for the local flux density can now be used to derive an expression for the parameters a and b on the larger scale.
In a first approach, let us assume that the u-compartment is located within the xylem and that the distribution of auxin within the u-and w-compartments is homogeneous in transversal direction: near the cell membrane U = u/S u and W = w/S w . Assume further that cell membranes of PAT cells (together forming the u-compartment) that connect to the w-compartment all have the same permeabilities P ± u . We make a similar assumption for the permeabilities of the vessel walls P ± w . Then from (38) one derives that
where c = S u /S w and Γ is length of the curve separating u-and w-compartment is a cross section of the stem segment.
As explained in Main Text, Section 5.2, comparison of the fitted values for a and b for wild type and aux1/lax quadruple mutant suggests that the AUX1/LAX auxin import carriers implement a 25-fold increase in membrane permeability. Further analysis of the relationship between macroscopic phenomenological parameters, like a and b, and microscopic parameters for various assumptions on anatomical structure and transport mechanisms is currently in progress.
5 Parameter optimization
Cost function and good fit
The experimental data consists of a time series of N measurements of the amountN r,i of radioactively labeled auxin that accumulated in the receiver well at time t = t i (i = 1, 2, . . . , n) as measured in the efflux profile in a standard or extended PAT assay. Typically 15-18 time points were taken, non-equidistant to properly resolve the onset of steady polar auxin transport and the decrease in transport in an extended PAT experiment (see Main Text, Material & Methods). The deviation between these measurements and simulated solution N r (t) is quantified by an averaged and weighted square difference cost function
for the efflux profile. The weights satisfy ω i > 0 and N i=1 ω i = 1. They allow to put more emphasis on the curved sections of the transport profile at start or end of an extended PAT experiment. The first and last eight time points received a ten-fold higher weight than the remaining points in our ultimate parameter optimizations.
For the tissue profile a similar measure was used for the deviation between the empirically determined total amounts of auxin in each of the four 4 mm stem segmentsÎ j (j = 1, . . . , 4) in a tissue profile and the amounts I j determined from the simulation for the given parameter setting by numerically integrating the simulated solutions u, w, y and z at the end-time t = t end of the standard or extended PAT experiment over the x-intervals [ 
The corresponding cost function is
Parameters in the model(s) are optimized by minimizing the total cost function
The optimization procedure that we describe below is stopped once the total cost γ(p) for an obtained parameter setting p is of the order of magnitude of the square of the experimental accuracy of measuring amounts of tritium-labeled IAA. This experimental accuracy is approximately 1.5-2 fmol. Accordingly, a fit is considered good or optimal when γ(p) is about 2 -4 (fmol 2 ) or smaller.
Parameter optimization algorithm
The parameter optimization algorithm that we use is a variant of the classical Gradient Descent method (which dates back to 1847 [6] ). Although the classical method does not have a very good convergence performance among optimization algorithms [1] , we have chosen to use a variant, the Gradient Descent method with an inexact linear search for an appropriate step-size, because of its simplicity in implementation and computational complexity. Application of this algorithm with the ability to examine its progress stepwise would give a quick but rough impression of the cost function landscape p → γ(p). If this would seem favourable one could decide to start using a more advanced algorithm.
Of these, the use a Newtonian method is insuitable anyhow as it requires the computation of the Hessian. This is far too expensive computationally for the number n of parameters p 1 , . . . , p n that is involved (n = 16 in Model III. In this case it would require ∼ n 2 = 256 COMSOL Multiphysics runs to approximate the Hessian). A quasi-Newtonian method might be considered instead (e.g. Broyden).
In the Gradient Descent method, a new parameter setting p * is determined from the previous setting p by
where
is the negative gradient of the cost function γ at p, which points in the direction of steepest (local) decrease of γ at p. h is a step-size that can vary per step. In the classical Gradient Descent method h is chosen to minimize γ in the direction of −∇γ(p):
Other methods for selecting h may be followed, like the Barzilai-Borwein step-size [3] . We determine h by the following inexact linear search.
Instead of approximating the exact minimum of γ on the half line ℓ p emanating from p in the direction of −∇γ(p), we sample γ at new points p * i on ℓ p , subsequently farther away from p either until (a) one of the parameter values becomes negative, (b) γ starts increasing or (c) 2n samples have been taken. In case (b), if γ increases in the first step already, a miminum must exists on the line ℓ p between p = p * 0 and p * 1 . In that case a point on ℓ p between these two is sought by taking a smaller step such that γ has smaller value there than in p and p * 1 . In either subcase of (b) one obtains three points p * i , p * i+1 and p * i+2 at increasing distance from p such that
and γ p * i+2
By means of the Golden Ratio method [13] we then approximate the minimum of γ that must lie either between p * i and p * i+1 or between p * i+1 and p * i+2 . In this method a new pointp * is determined bŷ This approximation method is continued until either in total 2n steps have been made during linear search, or we obtained a 'good fit' (see definition above).
The step-size that is then chosen in the Gradient Descent method is the one among the sampled step-sizes that provided the largest decrease in γ during the linear search, but not necessarily the maximal one, as in the classical case. In this sense, the linear search is inexact.
Implementation
The parameter optimization algorithm was implemented in MATLAB R2008b (version 7.7.0.471), coupled to COMSOL Multiphysics 4.2a running as timedependent solver of the auxin transport model through COMSOL's 'LiveLink for MATLAB'. The computations were performed on a Windows 7 (64 bit) laptop with Intel Core i7-2630 QM CPU at 2.00 GHz with 6 GB RAM with MATLAB and COMSOL running on this single machine in COMSOL Server architecture.
The weights ω i in the efflux profile cost function γ ep (40) were taken such that the first and last eight time points have a weight that is ten-fold higher than for the remaining weights that have equal value. Because the structure of Model III is such that y is not directly coupled to u, w or z, the y-related parameters D y , P ± dy were initially ignored by setting them to a physiologically reasonable value. The total amount of IAA in the first 4-mm subsegment is ignored in initial fitting, as much of the accumulation found there can be attributed to accumulation in y. Thus we used a modified γ tp :
i.e. only the last three 4-mm subsections are taken into account. Accordingly we used a modified cost functionγ := γ ep +γ tp . Once an optimal fit forγ was obtained, the original cost function γ was then optimized by tuning the y-parameters only to fit the amount of auxin in the first 4-mm subsection in the tissue profile.
In the Gradient Descent method the gradient of the cost function at a particular parameter setting is numerically approximated using the central difference approximation for each component:
where e i is the i-th standard basis vector in R n . As the average of the left and right difference approximation to the derivative at p it performs typically better as approximation than either of these. We take ∆p i /p i = 2% for each i in the computations.
Since parameters and cost function are not dimension-free we have to modify (44 
for each i.
Discussion
When examining the performance of the Gradient Descent method described above, we found when starting at randomly chosen points in parameter space, that the algorithm would often quickly converge to a parameter setting in which the total costs function obtained a seemingly suboptimal minimal value (e.g. γ ≈ 30) from which it could not find a path to a better fit. Although we cannot prove rigorously that the cost function has multiple local minima, it appears that there are many distributed over parameter space. Thus we made not too large perturbations of a parameter setting that we obtained initially by fitting manually, and that provided a good fit 'by eye' in the efflux and tissue profiles. It turned out that the algorithm could recover and improve on these manual fits, although only slightly in some cases. We report on these improved fits in the parameter tables above and in the Main Text. The manual fits contributed much to our understanding of the dynamics of the ultimate model, the dependence of simulated efflux and tissue profiles on parameters in particular.
The cost function landscape that we found gives the impression that it will be hard to perform a fully automated search of parameter space and find (all) globally optimal fits. It seems that currently available statistical techniques for parameter estimation for time-dependent coupled systems of partial and ordinary differential equations must be improved or extended in order to be able to cover Model III that we consider. Recent mathematical literature seems to cover mainly the time-independent case, which is technically already quite challenging mathematically [5, 9] . The development of such techniques is beyond the scope of this study.
